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Abstract

We study the emergence of connectivity in the Erdés—Rényi random graph model G(n,p), ex-
tending the topological perspective on graphs developed in class. We prove that connectivity
undergoes a sharp phase transition at the threshold p = 1“7" We introduce the graph Laplacian
and study its second eigenvalue Az, the Fiedler value, as a spectral and quantitative measure of
connectivity. For connected graphs, we interpret the magnitude of Ay through the Rayleigh quo-
tient and minimim degree. Finally, we empirically verify these theoretical frameworks through
computational simulations

1 Introduction

In class, we studied graphs as topological and combinatorial objects. This project extends that
framework by (1) analyzing the probability of connectnedness in the Erdés—Rényi model and (2)
analyzing the eigenvalues of the graph Laplacian as an algebraic measure of connectivity.

1.1 Motivation

We first define graphs, random graphs, and connectedness, drawing from [IJ.

Definition 1.1. A graph G = (V, E) consists of a finite set V of vertices and a set E of edges,
where each edge is an unordered pair of distinct vertices. For this paper, we restrict graphs to have
no self-loops or multiple edges. We write n = |V| and m = |E].

Definition 1.2 (Erd6és—Rényi Random Graph). The Erdés—Rényi model G(n,p) is a probability
distribution on graphs with n labeled vertices in which each of the (g) possible edges is included

independently with probability p € [0, 1]. Thus, each graph G on n vertices occurs with probability
P(G) = pIE(G)\(l _p)(Z)*IE(G)\.

Definition 1.3. A graph G is connected if for every pair of vertices u,v € V, there exists a path
from u to v. Equivalently, G is connected if the vertex set cannot be partitioned into two nonempty
sets with no edges between them. The maximal connected subgraphs of G are called its connected
components.



Naturally, as p increases we expect samples from G(n,p) to be denser, and so the probability of
connectedness increases. To demonstrate this relationship with an initial experiment. For a fixed
graph size (n = 100), we vary p and construct random Erdds—Rényi graphs G(n,p). We identify if
connected graphs and compute P(connected) over m trials (Figure [I). We observe P(connected)
increases with p, with a sharp phase transition in the probability of connectivity at a critical p*.

Experiment 1 — Connectivity for G(100, p)

1.0 A1

0.8 1

0.6

0.4 1

P(connected)

0.2 1

0.0 ——- p' =Inn/n=0.046

0.00 0.05 0.10 0.15 0.20 0.25
Edge probability p

Figure 1: Connectivity of random graphs by p.

2 The Connectivity Threshold

We now prove the existence and precise location of the connectivity threshold for the Erd6s—Rényi
model. The main result is the following theorem, originally due to Erdés and Rényi [2].

Theorem 2.1 (Connectivity Threshold). Let G ~ G(n,p) where p = % for some function

c(n).
(a) If ¢(n) — —o0 as n — 0o, then P(G is connected) — 0.

(b) If ¢(n) — 400 as n — oo, then P(G is connected) — 1.
The proof divides into two parts. Below the threshold, we show that isolated vertices appear with

high probability, forcing disconnectedness. Above the threshold, we prove that isolated vertices
disappear, forcing a high probability of connectivity.

2.1 Preliminary Lemmas

Lemma 2.2. For all x > 0 and positive integer n,

(I—z)" <e™™. (1)



Furthermore, if 0 < x <1, then ,

(1 _ l,)n 2 e—nx—nx . (2)
Proof. The first inequality follows from 1 — 2z < e™® for all x > 0, verified by noting f(x) =
e”* — (1 — x) satisfies f(0) =0 and f'(z) =1—€e"* > 0.

For the second, use In(1 —2) = —2— % — % —--- > —w—2? for 0 < = < 1 (since all omitted terms
are negative), giving (1 — )" = enin(1=2) > o—ne—na? -

Lemma 2.3 (Second Moment Method). Let X be a non-negative integer-valued random variable.
IfE[X?]/(E[X])? — 1, then P(X > 0) — 1.

Proof. By Cauchy-Schwarz, (E[X])? = (E[X - 1x0])? < E[X?]P(X > 0), giving

P(X > 0) > (E?Q)]Q — 1. O

2.2 Below the Threshold

Definition 2.4. We say a vertex v in G is isolated if deg(v) = 0.

Lemma 2.5. For G ~ G(n,p) with p = L?f", the probability that a fized vertex v is isolated
satisfies
e |
P(v isolated) = (1 —p)" ! = ¢ (1 +0 <nn)> _
n n

Proof. Vertex v is isolated if all n — 1 potential edges from v are absent, giving P(v isolated) =
(1 —p)"~t. We compute

n n
Since (n — 1)p? = O((Inn)?/n) = o(1), Lemma gives

(1—p)=! = ¢~ (=DPO(n=1p?) _ o~ Inn—ctOnn/m) _ ¢ <1 Lo <1n”>> _ O
n n

Let X count the number of isolated vertices. By linearity of expectation,

)< (100 (%)) <o (140 (22)).

When ¢ — —oo, E[X] — co. We formalize this via the second moment method.

Lemma 2.6. For p = ¢ yith ¢ — —oco, E[X?]/(E[X])? — 1.



Proof. Let X, = 1[v isolated]. Then

E[X?] = E[X] + Z P(v and w both isolated).
vFEW

For two distinct vertices to both be isolated, the 2(n — 1) — 1 = 2n — 3 potential edges incident
to either must all be absent (subtracting 1 for the shared edge {v,w}). By the same estimates as

Lemma [2.5]

—2c
P(v,w both isolated) = (1 — p)?" 3 = 671—2(1 +o0(1)).

Therefore E[X?] = e~ (1 + o(1)) + e~2¢(1 + o(1)), and

BX? _ e +e®(4o) _ o ., )
EXD2 - =1 1om) ¢ dre)+ltol) =1,

since ¢ — —oo implies e¢ — 0. ]

Proof of Theorem [2.1(a). By Lemma and the second moment method, P(X > 0) — 1 when
¢ — —oo. A graph with an isolated vertex is disconnected, so P(G connected) < P(X =0) — 0. O

2.3 Above the Threshold
Proposition 2.7. Ifp = 1“"% with ¢ — 400, then P(3 isolated vertex) — 0.

Proof. By the union bound and Lemma, [2.5

e*C

P(3 isolated vertex) < mn -

(I+o0(1))=€e“(140(1)) — 0. O
n

Lemma 2.8. Ifp = 1“"% with ¢ = +00, then with probability tending to 1, G has no connected
component of size 2 <k <mn/2.

Proof Sketch. Fix S C V with |S| = k. For S to be a component, all k(n—k) > kn/2 edges between
S and V' \ S must be absent. Using () < n*/k! and the estimate (1 — p)F=k) < emPk(n=k) e
have

(Inn + c)k(n — k)

2]
pk(n — k) = - :klnn—l—kc+(9<k nnn)’

so (1 — p)k(r=k) < p=ke=ke(1 4 o(1)). Taking a union bound over all choices of S,
—kc

k!

k
n e
[P(3 component of size k) < o nke k(1 4+ o(1)) = (1+o0(1)).
For any fixed k > 2 and ¢ — +00, this tends to 0 since e ¥¢ — 0. Summing over fixed k € {2,..., K}
for any constant K gives total probability tending to 0. Handling components of size growing with n
requires a separate argument; we omit this and refer the reader to [2] for a complete treatment. [J



2.4 Proof of Connectivity Threshold

Proof of Theorem ( b). By Proposition the minimum degree is at least 1 with high probabil-
ity. By Lemma there are no components of size 2 to n/2 with high probability. A disconnected
graph with minimum degree at least 1 must contain a component of size between 2 and n/2. Since
this occurs with probability tending to 0, we conclude P(G connected) — 1. O

Experimentally, we verify this by computing P(connected) for sweeps over p with various sizes n to
observe the connectivity thresholds p* = In(n)/n (Figure [2) We can see that the phase transition
of connectedness probability aligns with the theoretical threshold.

Experiment 2 — Connectivity Phase Transition
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Figure 2: Critical thresholds p* = In(n)/n in connectivity phase transitions for various n.

3 Spectral Properties of the Graph Laplacian

For large n, we’ve seen that most values of p will have a near-1 probability of connectedness since
In(n)/n is small. So, nothing interesting occurs when we analyze the probability of connectedness
past p* since it just stays near 1. However, intuitively these graphs should get more connected
as p increases. In this section, we investigate how we can characterize the strength of graph
connectedness.

3.1 The Graph Laplacian

We take an algebraic approach by analyzing the eigenvalues of the graph Laplacian. The following
ideas were drawn from [3].

Definition 3.1. Let G = (V, E) be a graph with vertices indexed 1,...,n. The adjacency matric
A € R™ ™ has entries A;; = 1if {i,j} € E and A;; = 0 otherwise. The degree matriz D € R™*" is
diagonal with D;; = deg(i). The graph Laplacian is a matrix defined as

L=D-A.



An intuitive interpretation of the graph Laplacian comes from analyzing its quadratic form. First,
imagine labeling each vertex a real number value. This labeling corresponds with a vector x € R"
where z; is the label of vertex i. The quadratic form x? Lx is then

x! Lx = Z%(Duﬂ?z) - ZiriAijxj
i 0,]
- Sdatat -2 ¥
i

{ijteE
{ijteE
This shows the Laplacian measures the total squared variation of the labeling x across edges.

Note L is symmetric, and (3|) shows L is positive semidefinite. So, we know L has n real non-negative
eigenvalues, which we order as

0=M <A< <Ay

It’s easy to see that \; = 0. This is because L1 = 0, summing along the i-th row gives deg(i) +

Z?igl(i) (—=1) = 0. The corresponding eigenspace to A; is the space of constant vectors, or span(1).
This agrees with our interpretation of the Laplacian as measuring variation, since labeling each
vertex with the same constant results in zero variation.

3.2 Fiedler Value )\; and Interpretation

The second eigenvalue Ao, also called the Fiedler value of G carries important properties.

Theorem 3.2. The multiplicity of the eigenvalue 0 in the spectrum of L equals the number of
connected components of G. In particular, G is connected if and only if Ay > 0.

Proof. Recall that the multiplicity of the eigenvalue 0 is also the nullity dim Ker(L). We prove this
equals the number of connected components by proving inequalities both ways.

Let G have connected components C1, ..., Cy. For each Cj, define an assignment of scalars on the
vertices vV € R™ by v](-l) =1if j € C; and vj(.l) = 0 otherwise.
We claim Lv(® = 0. For any vertex j € C;, all neighbors of j lie in Cj, so
(Lv(?); = deg(j) = > "1=0.
i~
For j ¢ C;, no neighbor of j lies in C;, so (Lv(?); = 0 — 0 = 0. Thus each v() € Ker(L).
The vectors vV ..., v(¥) are linearly independent (their supports are disjoint), so dim Ker(L) > k.

For the reverse inequality, suppose v € Ker(L). Then 0 = v Lv =) i.jrer(vi — v;)?, forcing v; =
vj for every edge {3, j}. By transitivity along paths, v is constant on each connected component.
Therefore every element of Ker(L) is a linear combination of vV, ... v(¥) giving dim Ker(L) < k.

Hence dim Ker(L) = k. The final statement follows: Ay >0 <= k=1 <= G is connected. [



Experiment 3 — Average Fiedler Value vs p
= n=50 !
30 1 = n=100
— n=200

0.00 0.05 0.10 0.15 0.20 0.25
Edge probability p

Figure 3: A2 and connectivity with p.

Theorem [3.2] establishes that g is a binary detector of connectivity. But when Ay > 0, its magnitude
quantifies how connected the graph is. Since L is symmetric, its eigenvectors form an orthogonal
basis, so restricting vertex labelings to x 1 1 yields the following characterization of As.

Theorem 3.3 (Rayleigh Quotient Characterization).

TL
)\szinx * — min Z (zi — z4)%.

xl1 HXH2 X =
x#0 Ix||=1{i,5}€E

Proof. By the spectral theorem, L has an orthonormal eigenbasis vi,...,v, with v; = 1//n
corresponding to Ay = 0. Any x L 1 expands as x = Y ;" , ¢;V;, giving

xI'Lx Y r,c2N

= 5 > A2
(B D DY ’
with equality when x = va. The second expression follows from ((3)). O

Theorem gives an intuitive picture of connectivity: Ag is large only when every zero-mean
labeling x has high edge variation, meaning no cut can separate the graph into regions with very
different labels. Conversely, if Ao is small, there exists a labeling with low variation across edges
yet high label energy — revealing a bottleneck or near-cut in the graph. Thus Ay measures how
difficult it is to “pull apart” the graph, and is called the algebraic connectivity of G.

We demonstrate experimentally the relationship between p and Ao in the Erdés—Rényi model.
We sweeps over p for various sizes n and compute the mean Ay at each configuration (Figure [3)).
We observe that prior to the critical threshold, Ay is at or near 0, indicating that graphs are
disconnected; past the critical threshold, Ao > 0 and increasing, indicating connectivity. We observe
a roughly linear trend, with slope increasing with n.

Theorem also gives a convenient proof strategy: to show Ay < ¢, it suffices to exhibit a single
test vector x L 1 whose Rayleigh quotient is at most ¢. One application of this idea gives a simple
bound of Ay in terms of the minimum degree of any vertex in the graph, which is a much simpler
graph property much easier to digest.



Experiment 4 — Minimum Degree Bound
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Figure 4: Minimum degree and Ao of random graphs with varying p.

Theorem 3.4. For any graph G, A2 < 0(G) + 1 where §(G) = min,cy () deg(v).

Proof. Let v be a vertex with deg(v) = 0 and neighbors N(v). Define the test vector x as

0 ifi=w
x;=4q—1 ifie N(v)

0 otherwise.

Then Y ,2; = —§ = 0, so x L 1. The only edges contributing to x’ Lx = Z{i,j}(mi — z4)? are
those incident to v. For each {v,u} with u € N(v), (z, — 74,)* = (6 + 1)2, so

xTLx = 6(6 +1)2, %[ = 6%+ = 6(5 +1).
By Theorem Ay <641 O

Remark 3.5. Fiedler [4] showed Ao < §(G) using a similar but more involved test vector strategy.

Experimentally, we observe the bound on As and show that it serves as an indicator of ’how
connected’ a graph is and relates to its minimum degree. We generate random graphs of with fixed
size (n = 100) and varying p and compute the minimum degree and A for each (Figure [4]). We
observe that the minimum degree serves as an upper bound for A\ and that Ay in general is close
to the minimum degree. We can also see that increasing p yields graphs with greater minimum
degrees. Further experimental details are provided in Section [4]



4 Experimental Details

We provide additional implementation details on the empirical experiments and results presented.

To sample an Erdés—Rényi random graph G ~ G(n, p), we iterate over all (72‘) pairs of vertices and
include each edge independently with probability p using a uniform random draw. We represent
a graph by its number of vertices n and a set of edges containing tuples indicating endpoints of
edges in the graph, as well as construct its adjacency list. Connectivity is checked via breadth-first
search from vertex 0: if all n vertices are visited, the graph is connected; otherwise, the graph is
not connected.

To compute spectral quantities, we construct the Laplacian L = D — A as an n X n matrix by
constructing the adjacency matrix and the diagonal matrix based on the degrees of vertices. We
find its eigenvalues using numpy.linalg.eigvalsh. The Fiedler value Ay is then the second entry
of the sorted eigenvalue array. The minimum degree §(G) is read directly from the adjacency list.

Experiment 1: Connectivity of random graphs. In Experiment 1, we use n = 100 and
generate m = 300 trials of random graphs for each of 30 p from 0 to 0.25. We determine whether
each graph is connected and compute P(connected) as the fraction of the m = 300 trials in which
G(n,p) is connected.

Experiment 2: Critical connectivity phase transition threshold. In Experiment 2, we
follow a similar procedure to Experiment 1 for n € {50,100, 200,500}. We indicate the theoretical
critical p* = 1“7" for each n as well.

Experiment 3: Spectral properties and connectivity from Fiedler values. In Experi-
ment 3, we follow a similar procedure to Experiment 2 in constructing random graphs for n €
{50,100,200}. For each G(n,p) we compute Ay for each (the second-smallest eigenvalue of L =
D — A), and average across trials.

Experiment 4: Spectral properties and bounding minimum degree upper bound of
Fiedler values. In Experiment 4, We generate 1500 random graphs of fixed size n = 100 at 30
different densities p € (0.03,0.5]. For each graph we compute Ay and the minimum degree §(G).
We plot along with the line Ay = § as the theoretical upper bound.
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